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a b s t r a c t
Background and objective: The absolute quantiﬁcation of dynamic myocardial perfusion (MP) PET imaging
is challenged by the limited spatial resolution of individual frame images due to division of the data into
shorter frames. This study aims to develop a method for restoration and enhancement of dynamic PET
images.
Methods: We propose that the image restoration model should be based on multiple constraints rather
than a single constraint, given the fact that the image characteristic is hardly described by a single constraint alone. At the same time, it may be possible, but not optimal, to regularize the image with multiple constraints simultaneously. Fortunately, MP PET images can be decomposed into a superposition of
background vs. dynamic components via low-rank plus sparse (L + S) decomposition. Thus, we propose an
L + S decomposition based MP PET image restoration model and express it as a convex optimization problem. An iterative soft thresholding algorithm was developed to solve the problem. Using realistic dynamic
82
Rb MP PET scan data, we optimized and compared its performance with other restoration methods.
Results: The proposed method resulted in substantial visual as well as quantitative accuracy improvements in terms of noise versus bias performance, as demonstrated in extensive 82 Rb MP PET simulations.
In particular, the myocardium defect in the MP PET images had improved visual as well as contrast versus
noise tradeoff. The proposed algorithm was also applied on an 8-min clinical cardiac 82 Rb MP PET study
performed on the GE Discovery PET/CT, and demonstrated improved quantitative accuracy (CNR and SNR)
compared to other algorithms.
Conclusions: The proposed method is effective for restoration and enhancement of dynamic PET images.
© 2017 Elsevier B.V. All rights reserved.

1. Introduction
Myocardial perfusion (MP) PET imaging can provide improved
diagnostic accuracy, location of disease and quantiﬁcation of blood
ﬂow over conventional SPECT imaging [1-3]. In particular, dynamic
MP PET imaging offers the very notable capability to measure
changes in the bio-distribution of radiopharmaceuticals within the
myocardial region over time [4-6]. This offers a powerful mean to
estimate the kinetic parameters (e.g. the tracer transport rate K1
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and subsequently myocardial blood ﬂow (MBF)) by using the various kinetic modeling techniques. However, the dynamic MP PET
imaging is primarily limited to research and remains underutilized
in the clinical setting. The main challenge is the increased noise
with limited durations of each frame, which will ultimately impact
the quantiﬁcation [7].
Individual PET image reconstruction is ﬁnished by statistical reconstruction methods, such as maximum likelihood (ML)
method [8]. However, the ML often results in high noise at low
counts. This problem [9] is further aggravated in dynamic scans.
Strategies have been explored to improve the reconstruction accuracy of the dynamic frames for kinetic parameter estimation
[10-15]. Reconstruction-strategies (e.g. 4D reconstruction) exploit
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Fig. 1. The dynamic MP PET images (left) and corresponding data sets (right). Each column of X consists of the speciﬁc pixels along the dotted line shown in left, and it
varies as time (t) changes. XL represents the background (low-rank) component of X that changes slowly, and XS is the dynamic (sparse) component of X that captures the
dynamic changes in the frames.

Fig. 2. One-tissue compartment model for kinetic modeling of 82 Rb MP PET imaging. This model has only one compartment in myocardial tissue and exchanges radiotracer between arterial blood compartment and myocardial compartment by K1
and k2 .

the spatiotemporal correlation in dynamic PET scans to improve
the precision of parametric image. However, 4D methods can be
algorithmically and computationally intensive and require further
optimization efforts [16-18].
In
contrast
to
reconstruction-based
strategies,
postreconstruction or restoration strategies process the dynamic
frames already reconstructed with ﬁltered back projection (FBP)
or ML, thus being more readily applicable to clinical data [19].
Gaussian ﬁlter can be used for image smoothing while resulting in
edge blurring. Edge-preserving ﬁlters [20] have been proposed to
reduce the noise while preserving edges. More recently, nonlocal
means type ﬁlter methods have been developed for image denoising [21-23]. For example, Dutta et al. [21] proposed non-local
means method for dynamic PET denoising. Chun et al. [22] proposed non-local means methods combining the side information
of CT. Chan et al. [23] proposed an anatomically guided median
non-local means ﬁlter combining the non-local means method and
anatomical regional information.
Alternatively, techniques consider using the sparse characteristic of PET images [24-25]. The total variation regularization has
been incorporated into PET reconstruction both in image space
[26-27] or measurement space [28]. Multidimensional wavelet de-

Fig. 4. The polar plot of the 17 myocardial segments for tomographic imaging of
the heart.

noising was proposed to restore the dynamic cardiac PET images
[29-30]. Su and Shoghi [31] proposed wavelet-based noise reduction technique which can reduce the noise more eﬃciency at high
noise levels. Le Pogam et al. [32] proposed a strategy that combines the complementary wavelet and coverlet transform accounting for directional properties of the image. Nonetheless, all these
methods exploit the characteristic that the spatial or temporal signals of dynamic PET images are sparse (either in direct representation or transform-domain).
There are approaches performing PCA or KLT on the dynamic
PET data. For example, Kao et al. [33] performed PCA on the dynamic sinogram to reduce the noise. Wernick et al. [34] proposed
to ﬁrst apply KLT on the standard datasets, and then reconstruct
the uncorrelated dynamic data independently, resulting fast yet accurate reconstruction. Furthermore, Matthews et al. [35] used SVD,
as applied to initially reconstructed images, to derive the temporal

Fig. 3. (Left) K1 parametric image and (right) TACs generated using one-tissue compartmental model. (The defect myocardium is labeled with the red arrow). (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)
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Fig. 5. Plots of mean value of MSE for all dynamic frames with varied parameter γ for PCA and h for NL.

Fig. 6. Plots of mean value of MSE for all dynamic frames with varied parameter
for sparse restoration.

Fig. 7. Plots of mean value of MSE for all dynamic frames as a function of regularization parameters (β L and β S ) for L + S restoration.

basis function for following 4D reconstruction. Overall, these techniques assume each dynamic frame as a realization of the activity
distribution.
More recently, techniques have been developed for exploring
the low-rank of matrix. These techniques have been applied in dynamic MRI [36-37] and combined with sparse [38-39]. In particular, there have been techniques using the low-rank plus sparse

Fig. 8. Plots of mean value of MSE for all dynamic frames as a function of regularization parameters (μL and μS ) for L&S restoration. Noted that the coordinate of μL
is denary logarithmic.

decomposition [40]. These techniques have been extensively applied to dynamic MRI (i.e. contrast-enhanced angiography and
free-breaching abdominal studies [41], and dynamic MR image reconstruction [42]). The application of these techniques to dynamic
PET imaging is still under research. In the context of PET image reconstruction, Kim et al. [43] proposed the patch-based low-rank
regularization, where the low-rank constraint is applied to the
overlapping similarity blocks. Chen et al. [44] proposed the lowrank based joint reconstruction and segmentation of the activity
map.
The excellent performances of these techniques in dynamic MRI
motivate us to incorporate the low-rank plus sparse in dynamic
PET images noise reduction. Our hypothesis is that the low-rank
plus sparse decomposition can represent the dynamic images more
effectively than a sparse constraint alone or than a model both
constrains are enforced simultaneously. Thus, we develop a joint
low-rank plus sparse constraints based dynamic MP PET restoration model. We have designed and investigated an iterative soft
thresholding algorithm to solve the convex optimization. We optimized the parameters using realistic 82 Rb MP PET imaging studies. The performance of the proposed technique was evaluated
in visual and quantitative accuracy, as demonstrated in extensive
82 Rb MP PET simulation. Parts of this work were presented at the
Society of Nuclear Medicine and Molecular imaging 2015 Annual
Meeting.
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Fig. 9. Plots of overall MSE vs. frame number for reconstructed images by MLEM
(black) and restored images by PCA (purple), NL (acid blue), Sparse (green), L&S
(blue) and L + S (red) algorithm. (For interpretation of the references to colour in
this ﬁgure legend, the reader is referred to the web version of this article.)

Fig. 11. The low-rank (L), spares (S) components of the L + S, and restored images
by L + S. (For interpretation of the references to colour in this ﬁgure legend, the
reader is referred to the web version of this article.)
Table 1
Iterative soft thresholding algorithm.
input: parameter β L and β S initialization: L0 = X0 , S0 = 0
while not converged do
%L: singular-value soft thresholdingLk = U · βL (Xk−1 − Sk−1 ) · V
%S: soft thresholding in the domain
Sk = −1 (βS ((Xk−1 − Lk )))
% Data consistency
Xk = Lk + Sk
end whileoutput: Xk

2. Methods
2.1. MP PET restoration based on low-rank plus sparse decomposition
For dynamic MP PET images, xm is the tracer activity in each
frame m (m = 1, 2, , T) with element xjm denoting the activity at
a frame m and voxel j (j = 1, 2, , N). X ∈ RN × T represents all the
dynamic frames with each column corresponding to the tracer activity in each frame and each row corresponding the time activity
curve (TAC) of each voxel. The matrix X can be substantially represented by the background component XL and the dynamic component XS . Based on low-rank plus sparse decomposition theory, the
L + S decomposition for restoration of dynamic MP PET images Xˆ
can be formulated as follows [41]:

min XL ∗ + βXS 1
RN × T

s.t. Xˆ = XL + XS
RN × T

(1)

where XL ∈
and XS ∈
are the low-rank and sparse
components, respectively. XL ∗ denotes the nuclear norm of the
matrix XL , and  is the sparsifying transform for S and represents the l1 -norm of gradient in directions x,y and t. The dynamic
component S is assumed to have a sparse representation in the
transform-domain, thus, invoking the idea of minimizing XS 1
rather than XS 1 itself.

The above problem can be tackled using the following regularization:



2

min XL + XS − Xˆ  + βL XL ∗ + βS XS 1
XL ,XS

2

(2)

where β L and β S are hyper-parameters. The dynamic MP PET images are L + S decomposed as shown in Fig. 1.
The convex optimization in Eq. (2) is solved by using iterative
soft thresholding of the singular values of XL and entries of XS .
The algorithm is given in table 1. Here, for the thresholding β L
of the singular values of XL , we propose the following parameter
model:

βL =λσ1 (Lk−1 )

(3)

where σ 1 (Lk − 1 ) is the largest singular value of matrix L at (k-1)th
iteration, and λ is a scale parameter. In our following parameter

Fig. 10. True and reconstructed images by MLEM and restored images by PCA, NL, sparse prior, L&S and L + S algorithm (from left to right). From top to bottom: corresponding to frame 2, 6 and 10, respectively (all the images were shown in same color bar). (For interpretation of the references to colour in this ﬁgure legend, the reader is
referred to the web version of this article.)
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Fig. 12. Plots of ensemble mean squared bias versus mean variance trade-off achieved by different restoration methods: (i) MLEM, (ii) PCA, (iii) NL, (iv)Sparse, (v) L&S and
(vi) L + S. (From left to right: L&S and L + S with some ﬁxed low-rank parameter (μL and β L ) and sparse parameter (μS and β S ), respectively). (For interpretation of the
references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)

Fig. 13. The polar maps correspond to (a) true PET images, (b) reconstructed images by MLEM, (c) restored images by PCA, (d) NL, (e) sparse prior, (f) L&S and (g) L + S
algorithm. All the polar maps were shown in same color bar. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of
this article.)

optimization (Section 4.1), the value of β L stands for the value of
λ. Though this parameter model is heuristic, it is eﬃcient in our
following experiment.

monly formulated as follows:

min ||X − Xˆ ||2 + μL ϕ (X ) + μS φ (X )
2

X

(5)

The sparsity prior (i.e. total variation regularization [24]) has
been incorporated into PET reconstruction both in image space or
measurement space in PET image reconstruction. The problem is
as follows:

where μL and μS are the associated regularization parameters
and should be positive, and where φ (X) is an appropriate spec p
tral penalty deﬁned as Schatten p-norm ϕ (X )=( i σi )1/p . In our
study, we choose the p = 1, simplifying it to the nuclear norm as
deﬁned in Eq. (2). ϕ (X) represents the spatio-temporal total variation norm as in Eq. (2). Thus, Eq. (5) can be presented as follows,
which we refer to as the conventional L&S approach:

min ||X − Xˆ ||2 + α||X ||1

min ||X − Xˆ ||2 + μL ||X ||∗ + μs ||X ||1

2.2. Conventional model

2

X

(4)

where  is as deﬁned in Eq. (2), and α is a positive regularization
parameter.
Techniques that explore the combination of low-rank and sparsity (L&S) penalties (Lingala et al. [39], Zhao et al. [40]) are com-

2

X

(6)

Note here, that unlike the proposed L + S framework of
Eq. 2 where the nuclear norm and sparse transform are applied
to the low-rank and sparse transform of the sparse component, respectively, here they are applied to the dynamic image itself.
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Fig. 14. (top, (a)-(g)) The polar maps correspond to (a) true PET images, (b) reconstructed images by MLEM, (c) restored images by PCA, (d) NL, (e) sparse prior, (f) L&S and
(g) L + S algorithm. (bottom, (b) - (g)) The absolute bias images between (b), (c), (d), (e) (f), (g) and (a), respectively. All the polar maps and bias images were shown in same
color bar, respectively. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)

Table 2
Kinetic parameters used in the simulation of
imaging.

3. Experimental design
3.1. Simulation study
82 Rb

3.1.1. Dynamic
MP PET simulation study
In our simulation study, the one-tissue compartmental model
(Fig. 2) is considered to model kinetics of 82 Rb [4-5, 45]:

dCm (t )
= K1Ca (t ) − k2Cm (t )
dt

Rb MP PET

Tissue

K1 (ml min−1 g−1 )

k2 (min−1 )

Myocardium
Muscle
Liver
Lung
Defect myocardium

1.4822
0.0557
0.5685
0.1772
0.7400

0.3159
0.2057
0.9676
0.9827
0.2500

(7)

where Ca (t) and Cm (t) are the concentration of tracer in the arterial
blood and myocardium. The K1 stands for the transport rate from
arterial blood to myocardium and k2 stands for the rate from tissue to blood [46-47]. The non-invasive approach for arterial input
curve is derived from the CLV (t) (i.e.Ca (t) = CLV (t)) [48]. Furthermore,
denoting Fa as the factional plasma volume in tissue, the tracer
concentration in myocardium is given by:

C (t ) = FaCa (t ) + (1 − Fa )Cm (t )

82

(8)

where Fa is a real number between 0 and 1, and stands for the total fractional blood volume. Solving the abovementioned two equa-

tions yields:

C (t ) = FaCa (t ) + (1 − Fa )K1 e−k2 t  Ca (t )

(9)

where  denotes the convolution operation.
For our simulation, we used ﬁve patients scans with healthy
myocardial at the PET Center in Johns Hopkins, from which K1 , k2
rate constant and Fa were estimated for multiple regions (e.g. myocardium, lung et al.) for each study and subsequently averaged.
The arterial blood tracer concentration Ca (t) was measured from
the mean value of ﬁve patient blood samples. Table 2 lists the kinetic parameters used in the simulation and Fa varies form 2% to
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Fig. 15. Plots of ensemble mean squared bias versus mean variance trade-off of myocardial region obtained by different restoration methods: (i) MLEM, (ii) PCA, (iii) NL,
(iv) Sparse, (v) L&S and (vi) L + S. (From left to right: L&S and L + S with some ﬁxed low-rank parameter (μL and β L ) and sparse parameter (μS and β S ), respectively). (For
interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)

Fig. 16. Plots of contrast recovery coeﬃcient (CRC) of defect region versus myocardium noise trade-off achieved by different restoration methods: (i) MLEM, (ii) PCA, (iii)
NL, (iv) Sparse, (v) L&S and (vi) L + S. . (From left to right: L&S and L + S with some ﬁxed low-rank parameter (μL and β L ) and sparse parameter (μS and β S ), respectively).
(Note that for the L&S model the blue line is covered by the green line). (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web
version of this article.)

38% in different tissues. All these three parameters (K1 , k2 and Fa )
as well as the arterial blood tracer concentration Ca (t) were employed within Eq. (9) to create the dynamic MP PET image implementation on a XCAT phantom [49]. Fig. 3 shows the K1 parametric image (left) and TACs (right) generated by the compartmental
model for ﬁve tissues (myocardium, muscle, liver, lung, defect myocardium). An acquisition protocol of 10 frames (10 × 12 secs) was
simulated as routine used in clinical MP PET imaging. Dynamic
datasets were generated by analytic simulation.
3.1.2. Tomography imaging
We simulated the GE Discovery RX PET/CT [50]. The simulator forward projects the dynamic cardiac MP PET images to generate the noise free projection data, then 30 noise realizations were
generated by Poisson noise to obtain projections. The simulation
included decay, normalization and attenuation effects, and these
effects were also considered in the reconstruction. The dynamic
images were reconstructed using MLEM approach with 63 itera-

tions (equivalent to OSEM reconstruction with 3 iterations and 21
subsets, as used in [51]). The reconstructed dynamic images were
with voxel size of 3.27 × 3.27 × 3.27mm3 and matrix dimensions of
128 × 128 × 47, and restored by: (i) sparse model, (ii) low-rank and
sparse model (L&S), and (iii) low-rank plus sparse model (L + S).
The proposed method was also compared with principal component analysis (PCA) and nonlocal ﬁlter (NL).
3.1.3. Figures of merit (FOMs)
We considered the quantitative evaluation criteria, as deﬁned in
[51].
The ensemble variance for each ROI was deﬁned as

V arROI

1
=
R

R

N

r=1

N

j=1

j=1

(xrj − x̄ j )2

(xtrue
)2
j

,

(10)

where R denotes the noise realizations number, N denotes voxels

number, x̄ j = R1 Rr=1 xrj stands for the ensemble mean value of re-
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Fig. 17. (top, (a)-(g)) The K1 parametric polar maps correspond to (a) true PET images, (b) reconstructed images by MLEM, (c) restored images by PCA, (d) NL, (e) sparse
prior, (f) L&S and (g) L + S algorithm. (bottom, (b)-(g)) The absolute bias images between top (b), (c), (d), (e) (f), (g) and (a), respectively. All the polar maps and bias images
were shown in same colorbar, respectively. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)

stored image value at a voxel j with xrj denoting the rth restored
image value at a voxel j, and xtrue
represents the ground truth PET
j
image value at a voxel j.
The ensemble mean squared bias for each ROI was deﬁned as

N
Bias2ROI =

j=1

(x̄ j − xtrue
)2
j

N

true 2
j=1 x j

(

)

(11)

where N, xtrue
, and x̄ j were deﬁned as those in Eq. (10). Thus, the
j
mean squared error (MSE) was deﬁne as:

MSEROI = Bias2ROI + V arROI

(12)

here VarROI and Bias2ROI were deﬁned as those in Eq. (10) and (11),
respectively.

The contrast recovery coeﬃcient (CRC) of the defect and normal
myocardium is also considered and deﬁned as:





R
1  L̄i − B̄i 
C RC =
R
L̄i
i=1

(13)

where L̄i and B̄i stand for the ensemble mean value of the defect
and normal parts in the restored image at a voxel j.
Furthermore, for evaluation of the myocardium defect, polar
maps were generated from the restored images. The 17-segment
model was used to generate polar maps [52-53]. The polar maps
was shown in Fig. 4. The names for the 17 segments are as follows: 1. basal anterior, 2. basal anteroseptal, 3. basal inferoseptal,
4. basal inferior, 5. basal inferolateral, 6. basal anterolateral, 7. mid
anterior, 8. mid anteroseptal, 9. mid inferoseptal, 10. mid inferior,
11. mid inferolateral, 12. mid anterolateral,13. apical anterior, 14.
apical septal, 15. apical inferior, 16. apical lateral, 17. apex.
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Fig. 18. (top, (a) - (g)) The k2 parametric polar maps correspond to (a) true PET images, (b) reconstructed images by MLEM, (c) restored images by PCA, (d) NL, (e) sparse
prior, (f) L&S and (g) L + S algorithm. (bottom, (b) - (g)) The absolute bias images between top (b), (c), (d), (e) (f), (g) and (a), respectively. All the polar maps and bias images
were shown in same colorbar, respectively. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)

Overall FOMs To quantify Bias2 overall versus Varoverall of the image, the Bias2 ROI and VarROI values for the ROIs were weighted by
the size (number of voxels NROI ) of each ROI to compute the overall Bias2 and Var.
3.2. Application to patient study
We also applied the proposed algorithm to a cardiac defect patient 82 Rb MP PET data from the GE Discovery PET/CT. The dynamic PET data were divided into 32 time frames: 20 × 6 s, 5 × 12 s,
4 × 30 s, 3 × 60 s. The images were reconstructed using OSEM approach of the manufacturer software with 2 iterations and 21 subsets. In our study, we found it is hardly to see the visual of the ﬁrst
20 × 6 s frames. Thus, before processing, the ﬁrst 20 × 6 s frames
were combined into 10 × 12 s and others were ﬁxed. The proposed
L + S approach was compared with traditional EM reconstruction,
the EM followed by a Gaussian post-ﬁltering (GF), PCA, NL and the

L&S approach. The Gaussian ﬁlter windows was set to 3 × 3 with
FWHM 5 mm, as commonly used in clinical [50]. To obtain quantitative parameters of image quality for the myocardial perfusion
defect, image noise as well as contrast-to-noise ratio (CNR) and
signal-to-noise ratio (SNR) were deﬁned for the dataset according
to the work [54]. The myocardium and defect regions were manually drawn from the 17th frame. The noise was deﬁned as the
standard deviation of the ROI in normal myocardium. CNR (for the
myocardium defect) was given by

CNR=



X̄ N − X̄ D 
σN

(14)

where X̄ N denotes the mean value of the normal myocardium, X̄ D
denotes the mean value of the myocardium defect, and σ N denotes
the standard deviation of the ROI located in normal myocardium.
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Fig. 19. Reconstructed images by MLEM and restored images by Gaussian ﬁltering (GF), PCA, NL, L&S and L + S algorithms (from left to right). From top to bottom: corresponding to frame 6, 9, 15, and 22, respectively (all the images were shown in same color bar). (For interpretation of the references to colour in this ﬁgure legend, the reader
is referred to the web version of this article.)

SNR (for the normal myocardium) was given by

SNR=

X̄ N

σN

(15)

where X̄ N and X̄ D were deﬁned in (14).
4. Results
4.1. Simulation study
4.1.1. Parameter optimization
The performance of the restoration algorithms (including PCA,
NL, sparse prior, L&S and L + S priors) strongly depend on the parameters (e.g. β L and β S in (2), μL and μS in (4) and α in (5)).
For the PCA method, the thresholding is expressed as γ multiply
by the maximum eigenvalue. For the NL method, the parameter h
is optimized with ﬁxed search and similar windows.
First, the parameters γ in PCA and h in NL were optimized as
shown in Fig. 5 (left) and (right). Then, we optimized the regularization parameter α in the sparse restoration algorithm as shown
in Fig. 6. The optimized prior parameter should be α = 50 0 0 0.
Next, the effect of parameters (β L and β S ) in the L + S algorithm was studied using the mean value of MSE for all the dynamic frames. The β L ranged from 0.01 to 0.09, and the regularization parameter β L ranged from 10 0 0 to 10 0 0,0 0 0. Fig. 7 shows
the plots of mean value of MSE for all dynamic frames with varied
parameter (β L andβ S ) for L + S restoration. The optimized regularization parameters (β L and β S ) could be found in the dark blue
region (with the minimum MSE), where the values of β S and β L
are larger than 50,0 0 0 and 0.05, respectively. The optimized regularization parameters β L and β S were set to 0.06 and 50 0,0 0 0,
respectively.
Finally, the effect of regularization parameters (μL and μS ) in
the L&S algorithm was studied using the mean value of MSE for
all the dynamic frames. The regularization parameter μL ranged
from 10 to 50 0,0 0 0, and the regularization parameter μS ranged
from 500 to 45,0 0 0. Fig. 8 shows the plots of mean value of MSE
for all dynamic frames as a function of regularization parameters
(μL and μS ) for L&S restoration. The optimized regularization parameters (μL and μS ) could be found in the dark blue region (with
the minimum MSE), where the values of μS is ranged from 10,0 0 0
to 50 0,0 0 0, while the value of μL is smaller than 10 0 0,0 0 0. The

optimized regularization parameters μL and μS were set to 10 0 0
and 50,0 0 0, respectively. This is much different with the L + S algorithm.
4.1.2. Performance evaluation
We compared the performance of standard MLEM reconstruction, principal component analysis (PCA), nonlocal ﬁlter (NL),
sparse prior, L&S restoration algorithm and proposed L + S restoration algorithm, followed the optimization of parameters.
4.1.2.1. Overall FOM evaluation. The MSE of each frame for different restoration algorithms as a function of frame number is shown
in Fig. 9. The MLEM shows largest MSE value for almost all the
frames. The L + S approach has much better performance than
other methods.
To provide an intuitively direct visual impression of the restoration algorithm across the entire image, Fig. 10 depicts the MLEM
reconstructed images and restored images using different algorithms with optimized parameters. These images are frame 2,
frame 6 and frame 10 of slice 26 derived from 4D dynamic PET images. Fig. 11 depicts the low-rank and sparse components of L + S
algorithm.
For more comprehensively quantitative comparison, the ensemble mean squared bias versus ensemble variance trade-off achieved
by different restoration methods varying the regularization parameters are shown in Fig. 12. Fig. 12 (left) shows the trade-off
achieved by both L&S and L + S with some ﬁxed low-rank parameter (μL and β L ) by varying the sparse parameter (μS and
β S ), respectively. We can see that the L + S obtained less bias at
a ﬁxed variance or vice versa less variance at a ﬁxed bias than
any other methods in this study. The same results are observed
in Fig. 11 (right), where the plots show the trade-off achieved by
both L&S and L + S with some ﬁxed sparse parameter (μS and β S )
by varying the low-rank parameter (μL and β L ), respectively.
4.1.2.2. Regional FOM evaluation. For visual inspection of the myocardium and defect regions, Fig. 13 shows the 17-segment polar maps of frame 10 (corresponding to Fig. 10 bottom) obtained
from different restoration algorithms. We can clearly see that the
defect regions are segment 11 (mid inferolateral) and segment 5
(basal inferolateral). From the colorbar, we can note that the polar map created from L + S model has much similar grey level performance with the reference ground truth polar map. To give a
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Fig. 20. (left) the normal (N) and defect (D) region labeled with black in the red box; (right) plots of SNR vs. frame number for reconstructed images by MLEM, GF, PCA, NL,
L&S and L + S methods. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)

more clearly visual inspection of the myocardium and defect regions, Fig. 14 shows the 576-segment polar maps of frame 10 (corresponding to Fig. 10 bottom) obtained from different restoration
algorithms and absolute bias images between the restored polar
maps and reference ground truth polar map. It is clearly seen that
the polar map created from L + S model has the smallest bias in
the myocardium region and particularly the defect region compared with all other methods.
In order to provide a quantitative comparison of myocardial
region, Fig. 15 compares the trade-off of myocardial region obtained by different restoration methods varying the regularization
parameters. From Fig. 15 (left and right), we can see that the L + S
achieved substantially less bias in the myocardial region at a ﬁxed
variance or vice versa less variance at a ﬁxed bias than any other
methods in this study. We can note that this regional quantitative
result is highly agreed with the overall quantitative result, as we
derived from Fig. 12.
For quantitative evaluation of myocardial defect region,
Fig. 16 compares CRC of defect region versus myocardium
noise trade-off obtained by different restoration methods. From
Fig. 16 (left and right), we can see that the L + S achieved substantially higher CRC of myocardial defect region at a ﬁxed myocardium noise or vice versa less myocardium noise at a ﬁxed CRC
than any other methods in this study.
4.1.2.3. Kinetic parameters estimate. For visual inspection of parametric image (K1 and k2 ), Fig. 17 (top) and 18 (top) shows the K1
and k2 parametric polar maps, respectively. The absolute bias images between different algorithms with the true parametric image
are also shown in Fig. 17 (bottom) and 18 (bottom). It is clearly
seen that the parametric polar map (especially k2 ) created from
L + S model has the smallest bias in the myocardium region and
particularly the defect region compared with all other methods.
4.2. Application to patient study
To provide an intuitively visual impression of the ﬁve methods,
Fig. 19 shows the EM reconstruction, the EM followed by a Gaussian post-ﬁltering, PCA, NL, L&S and L + S restored images of four
different time frames. Frame 6, 9, and 15 have a 12-s scan duration and frame 22 has a 60-s scan duration. The MLEM reconstruction contains high noise in both myocardium and uniform regions
and is hardly to distinct the myocardium with other regions. The
restored methods reduce the noise and make the myocardium visible. But there still exist some noise in the blood pool and myocardium regions while using GF, PCA or L&S method. In compari-

Fig. 21. Plots of SNR vs. frame number for reconstructed images by MLEM, GF, PCA,
NL, L&S and L + S methods.

son, the L + S method not only smooth noise but also preserve the
edge of myocardium.
Quantitative comparisons are shown in Fig. 20 and 21. The SNR
value of myocardium region is plotted as functions of frame number is shown in Fig. 20. The L + S method achieves best SNR value
of myocardium region in comparisons with MLEM, GF, PCA, NL and
L&S methods. Similar results are observed for CNR value of myocardium defect, which is plotted as functions of frame number
is shown in Fig. 21. Both Fig. 20 and 21 illustrate that the L + S
method not only has better performance in myocardium region but
also in myocardium defect region.
5. Discussion
5.1. The regularization parameters
The regularization parameter is critical for image restoration
problems. Adaptive approaches such as GCV, l-curve, and maximum likelihood methods [55-58] impose high
 computational costs.
The theory of L + S suggested using β =1/ ρ max(n1 , n2 ) for matrices of size n1 × n2 to solve the optimization problem in Eq. (1),
where ρ denotes the fraction of observed entries. In our present
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restoration problem, there are two parameters (β L and β S ) to
balance the data consistency and regularization. Therefore, the
best restorations were empirically selected in terms of the mean
value of MSE [59-60] for all the dynamic frames as elaborated in
Section 4.1 and shown in Fig. 7. Similar work was done for L&S
restoration model, as shown in Fig. 8.
5.2. The relationship with factor analysis
Factor analysis has been explored extensively in cardiac PET
images, i.e. noninvasive estimation of an accurate input function
and absolute quantization of myocardial perfusion [6,61-62]. It can
be expressed as X = CF, and decomposes the dynamic images into
temporal factors F and spatial structure C. Different with factor
analysis, the low-rank plus sparse is expressed as X = L + S other
than X = LS. Generally, we can assume the low-rank L stands for
the highly correlated information among frames or the regions (e.g.
muscle and lung regions) with tracer activity changing slowly over
time, and can be assumed to be low-rank property. The sparse
component S corresponds to the innovation introduced in each
frame or the regions (e.g. myocardium and blood pool) with tracer
activity changing rapidly over time. However, the regularization
parameter β can be modiﬁed to balance the two components.
6. Conclusions
This study proposed a dynamic MP PET image restoration
model incorporating low-rank plus sparse decomposition. The
problem was formulated as an optimization problem and solved
by an iterative soft thresholding algorithm. We optimized the parameters using realistic dynamic MP PET imaging studies. The reconstructed images from the proposed algorithm were compared
with those restoration using PCA, NL, single sparse prior, as well
as low-rank and sparse (L&S) model simultaneously. The results
demonstrated the proposed model to improve the visual and quantitative accuracy (noise versus bias) in extensive 82 Rb MP PET simulation. Furthermore, the polar maps and CRC versus noise tradeoff curves were assessed for qualitative and quantitative evaluation
of the myocardium and defect, respectively, wherein the proposed
restoration model outperformed the other methods.
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