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Introduction
Fluorescence imaging is a potentially powerful tool for in-vivo imaging. Several studies have been conducted with fluorescence imaging for small animal imaging, tumor study, drug delivery and other applications.
Although quite useful, fluorescence imaging is limited by a common issue shared by many bio-optical
imaging modalities, namely highly scattering at optical wavelength. Traditional planar imaging usually
has several millimeter depth resolution. For higher depths, the image are highly blurred. Also, planar
imaging cannot quantify the absolute concentration or intensity of fluorescent targets [1]. One method
to overcome this issue is to acquire tomographic measurements, i.e. acquiring multiple sectional measurements of the biological tissue. Tomography technique has the potential to provide absolute estimates
of fluorescence distribution. However, reliable estimation requires an accurate method to model the
propagation of photons in the tissues, as well as reconstruction methods that are reliable.
In this report, we develop an improved photon propogation model, and a reconstruction method for
fluorescence molecular tomography (FMT). In part I, we describe a Neumann-series based method to
solve radiative transport equation (RTE), which can be used to model photon propagation in biological
tissue. The method is improved by incorporating for boundary condition to account for rafractive index
mismatch. In part II, a reconstruction method is proposed for the inverse problem of FMT. The method
make use of the sparisity of fluorescence distribution in biological tissue and reduces the influecence of
Poisson noise.

Part I: Improved Photon Propagation Modeling
The RTE can incorporate the various processes that photons undergo within the biological tissue, including photon emission, absorption, scattering, and propagation. However, Analytical solutions for
RTE does not exist for arbitrary geometries and numerical solutions are computationally intensive [2].
Different methods have been proposed in order to solve it efficiently. One commonly used method is
diffusion approximation (DA). The method is valid in regime where scattering length is small compared
with propagation distance[3]. It works well in weakly absorbing and highly scattering media, but it
fails at near-surface regions and highly absorbing regions. Higher-order approximation methods such as
discrete-ordinates[4] method and spherical harmonic equations[5] can give accurate results, but they are
computational intensive. Some hybrid methods have been proposed to overcome the issues of DA as
well as reduce the computation time, such as the hybrid Monte Carlo (MC) method [6, 7] and RTE-DA
method [8, 2]. In these hybrid methods, alternative photon-propagation modeling strategies, such as
those based on RTE or Monte Carlo methods, are implemented in region where the DA fails. However,
hybrid MC method is usually implemented in layered tissue, which limits its application. For RTE-DA
method, although it is faster compared with solving RTE with finite element method, it is still relative
computational intensive.
In [9] and [10], a Neumann-series based method is proposed to solve the RTE. The method provides
a accurate and computationally efficient modeling of photon propagation in medium with low scatter.
The method overcomes several of the limitations of the diffusion approximation. However, this method
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does not model the boundary conditions that arise when photons propagate between tissues with different
refractive indices. In real biological tissue, refractive index mismatch often exists between different tissues,
and the lack of boundary condition in the model may lead to error.
In order to further improve the accuracy of this model, we developed boundary condition for Neumannseries based RTE. In this part, we will describe the implementation of boundary condition, compare the
result with Monte Carlo based method, and show its improvement for the estimation of absorption coefficient in diffuse optical imaging (DOI) setup.

Method
1. Implementing boundary condition for Neumann-series RTE
Let w(r, ŝ, ε, t) represents photon distribution function, which can be understood as photon numbers
contained in unit volume centered on position r = (x, y, z), traveling with
φ)in unit solid
 ∂wdirection

 ∂wŝ = (θ,
 ∂w

angle with energy between ε and ε + ∆ε at time t. With the terms ∂t abs , ∂t em , ∂t prop , ∂w
∂t sc
represent the influence of absorption, emission, propagation and scattering, respectively, the general form
of the RTE can be described with
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In a specific case, when we consider monoenergetic and time-independent source, and expand the four
terms on the right of equation (1) in detail, RTE in this case is given by
µtot (r)w(r, ŝ) + ŝ∆w(r, ŝ) =

1
[Ξ(r, ŝ) + Kw(r, ŝ)] ,
cm

(2)

where µtot (r) = µs (r) + µa (r), where µs and µa denote the absorption coefficient and scattering coefficient
at position r, cm is speed of light in medium and Ξ(r, ŝ) is source term. Further, using Henyey-Greenstein
function K(ŝ, ŝ0 |r) as scattering kernel, the scattering operation is given by K and its effect on the photon
distribution function is given by
Z
[Kw](r, ŝ) =
dΩ0 K(ŝ, ŝ0 |r)w(r, ŝ0 ).
(3)
4π

The integral form of equation (2) along ŝ can be written as
 Z l

Z ∞
1
0
0
w(r, ŝ) =
dlΞ(r − ŝl, ŝ) exp −
dl µtot (r − ŝl )
cm 0
0
 Z l

Z ∞
1
0
0
+
dl[Kw](r − ŝl, ŝ) exp −
dl µtot (r − ŝl ) .
cm 0
0
Using X to denote attenuation kernel, its effect on distribution function is described with
 Z l

Z ∞
1
0
0
[X w](r, ŝ) =
dl[Kw](r − ŝl, ŝ) exp −
dl µtot (r − ŝl ) .
cm 0
0

(4)

(5)

Equation (4) becomes
w = X Ξ + X Kw.

(6)

A solution to this equation in Neumann-series form is
w = (I − X K)−1 X Ξ = X Ξ + X KX Ξ + X KX KX Ξ + ...

(7)

More detail of the method can be found in [9] and [10]. However, Equation (7) cannot deal with refractive index mismatch. All photons are considered passing through boundary when they reach boundary
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voxel. However, typically, when a refractive-index mismatch occurs, photons are reflected back into the
medium. To model this reflection operation, we developed this Neumann-series approach to incorporate
a more accurate form for the boundary conditions [11, 12]. Next, we will introduce how to incorporate
boundary condition into original Neumann-series RTE. When photons hit boundary and get reflected, we
treat the reflecting point as a new source point given by Rw. R is reflection operator and its action can
be described as
Z
Rδ[ŝ0 − ŝ + 2(n̂.ŝ)n̂]w(r, ŝ)dΩŝ ,
(8)
[Rw](r, ŝ0 ) =
n̂.ŝ>0

where n is normal vector of boundary. If we denote the refractive index of the incident and transmitted
medium by ni and nt , and use θi , θt for incident angle and transmitted angle, respectively, reflectivity
coefficient R in equation (8) is given by Fresnel’s law as:
1
R=
2



ni cos θi − nt cos θt
ni cos θi + nt cos θt

2

1
+
2



nt cos θi − ni cos θt
nt cos θi + ni cos θt

2
.

(9)

With this reflection operator, equation (6) can be rewritten as
w = X Ξ + X Kw + X Rw.

(10)

Expanding it using Neumann series, we get
w = X Ξ + X RX Ξ + X KX Ξ + X RX RX Ξ + X KX KΞ + X RX KX Ξ + X KX RX Ξ + . . .

(11)

For small R, we can neglect terms with more than one reflection operator. Terms that experience multiple
scattering after reflection, which increases its path length for attenuation, also will not have much influence
on final result. Based on these assumptions, the Neumann-series based RTE with boundary condition
can be written as [11]:
w = X RX Ξ + X KX RX Ξ + X RX KX Ξ + Original Neumann series.

(12)

Figure 1: Interpretation of terms in boundary condition for Neumann-series RTE. Source: from reference
[11]
Figrue 1 gives phisical interpretation of boundary condition terms in equation (12). The first term
X RX Ξ describes photons emitted from source taht hit the boundary and then get reflected towards detectors. This term can be simply calculated by multiplying the origin source term X Ξ with R exp [−µtot (rd − rb )],
where rd denotes detector position and rb denotes position of reflection event. In this process, photons
only experience absorption and reflection, without any scattering event involved.
The second term X KX RX Ξ represents photons that experience one scattering during its way from
boundary to detector. In this term, RX Ξ can be treated as a new source Ξ0 at boundary position, which
3

reflection direction as its source direction. Then the term KX Ξ0 is implemented the same way as described
in [1].
The third term X RX KX Ξ describes photons that experience one scattering event before reflected
at boundary. We implemented this term in Cartesian. For certain refleciton direction ŝR , distribution
function at boundary position rb after reflection is given by
Z ∞
K(ŝ, ŝ0 |r)R(rb , ŝR , ŝ) exp [−µtot (rb − ŝl)] w(rb − ŝl)dl,
(13)
w(rb , ŝR ) =
0

where R(rb , ŝR , ŝ) denotes reflection operation at position rb from direction ŝ to ŝR . Then we write the
distribution function for detector at rd with same direction as
w(rd , ŝR ) = exp [−µtot (rd − rs )] w(rb , ŝR ).

(14)

The flux for this term at rd is
Z
dΩ(n̂.ŝR )w(rd , ŝR )

Φ(rd ) = cm ∆x∆y

(15)

2π

After summing up all the terms and converting the distribution function to photon flux at detector
plane, the final flux that transmits the boundary is obtained by multiplying transmission coefficient T ,
which can be calculated with T = 1 − R.
2. Reconstruction algorithm for DOI system
The reconstruction problem in DOI is to estimate scattering coefficient or absorption coefficient µ. With
g denotes the detected image, and ḡ(µ) denotes noiseless mean image, this problem can be expressed with
the following l2 least-square minimization problem:
µ̂ = arg min kg − ḡ(µ)k2 ,
µ

(16)

The above equation can be solved with a gradient-descent-method. Use ḡm to denote mth component of
ḡ(µ), ḡm can be written as
ḡm = (hm , w),
(17)
where hm is the sensitivity of mth detector pixel. Use µn to denote nth coefficient, the gradient of ḡm is


∂ḡm
∂w
= hm ,
.
(18)
∂µn
∂µn
∂w
for Neumann-series RTE with boundary condition can be calculated using a similar method
Gradient ∂µ
n
described in [3], which gives us the following result

∂w
∂w
∂w
= XS + XR
+ XK
.
∂µn
∂µn
∂µn

(19)

This is just the RTE with a new source term S defined in [13].

Experiment and result
In the first experiment, the Neumann-series RTE with boundary condition was implemented in a 3D
homogeneous cubic phantom, as shown in figure 2. The optical properties of the medium is µa = 1cm−1 ,
µs = 0.01cm−1 , and the refractive index varies from 1.1 to 1.3. Figure 3 shows the comparison of proposed
method with MC method. Note that MC method is considered as the gold standard to model photon
transport at optical wavelengths. The figure ploted the detected signal of the horizontal center line of the
detector plane. The outputs of our method fit well with the results of MC.
4

Figure 2: Geometry of phantom for validation of boundary condition for Neumann-series RTE. Source:
from reference [9]
Notice that for the case of n = 1.3 in figure 3d, the curve of Neumann-series RTE is slightly lower
compared to MC. For larger refractive index n > 1.3, the difference increases, which means our assumption
for small R starts to break down. To accurately model these cases, more terms need to be considered
for boundary condition. However, it is also worth noticing that in biological tissue, the refractive index
usually ranges from 1.33 to 1.5 [14], and the mismatch is usually smaller than 0.3, so that a large refractive
index difference will usually not arise. Thus, the approximation made in our method is still reasonable for
application in medium of biological tissues. Table 1 shows the error generated by RTE with and without
boundary condition compared with MC method. We can see that boundary condition reduces error in all
three cases.
In the second experiment, we used the proposed method to perform the reconstruction task. The same
cubic phantom was used as in the previous experiment. We estimated absorption coefficient for different
refractive indces of scattering medium. The acquired images g were generated using MC method. For each
value of the refractive index of the scattering medium, n, ten experiments were conducted and average
values were calculated as final result. Figure 4a shows the estimation results for refractive index changing
from 1.1 to 1.5. The true absorption coefficient was set to be 0.01cm−1 . Figure 4b shows root mean
square error (RMSE) in percentage for the results in figrue 4a. The figure shows that adding boundary
condition to photon propagation modeling decreases the error for estimating absorption coefficient in DOI
problem.

Refractive index (n)
1.1
1.2
1.3

Error for RTE without boundary condition
3.23%
3.79%
4.19%

Error for RTE with boundary condition
1.48%
1.95%
1.70%

Table 1: Error for MC results and Neuamnn-series results with and without boundary condition

To summerize, in this part, we have proposed an improved photon propagation model that incorporates boundary condition into Neumann-series based RTE method. An assumption of small reflectivity
coefficient R is made so that we only need three more terms to model the influence of reflection approximately. For small refractive index mismatch, our method shows a good match with MC method. The
improved method also shows potentials to provide better reconstruction result for inverse problem in
biomedical optical imaging.
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Figure 3: Comparisons of proposed method with MC method for different refractive index n. (a): n=1.05
(b): n=1.1 (c): n=1.2 (d): n=1.3
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Part II: Reconstruction for Fluorescence Molecular Tomography
Inverse problem in FMT is highly ill-posed due to limited number of measurement. In order to obtain a
stable and meaningful result, regularization is always implemented for FMT inverse problem. Tikhonov
regularization is one of the commonly used regularization method. The problem with this method is
that it tends to smooth the edge, which always results in a blurred image. Considering that in many
applications, fluorescence probe tends to concentrate in certain region of biological tissue, such as tumor,
while only minimally distributed in other region, we can treat fluorescence distribution as a sparse signal.
`1 regularization can be used in order to incorporate sparsity as a prior information. Different methods
have been proposed in compressive sensing (CS) field to solve such kind of `1 regularized minimization
problem. In general, restricted isometry property (RIP) need to be satisfied in order to successfully
implement these method. However, due to the scattering property of biological tissue, the measurement
matrix in FMT can be highly coherent, which causes the failure of RIP for FMT problem. To implement
CS method for the inverse problem of FMT, truncated singular value decomposition (TSVD) can be used
to reduce the coherence of measurement matrix [15].
Additionally, photon propagation is a random process and signal detected is contaminated by Poisson
noise. To model this Poisson noise, we use the Maximum likelihood estimation maximization (MLEM)
algorithm. However, MLEM algorithm does not necessarily converge to a fixed point which is independent
of the initial estimate [16]. Thus, to successfully implement MLEM to reduce the influence of Poisson
noise, we need to pick a reliable initial guess.
In this part, we proposed a three-step reconstruction method for FMT problem [17]. TSVD is first
implemented to reduce coherence of measurement matrix. Next, `1 regularized least-square minimization
problem is formulated to find a sparse result of fluorescence distribution. Homotopy method is implemented to solve this minimization problem. After that, the reconstruction result is sent as initial guess for
MLEM algorithm to further reduce the influence of Poisson noise. The proposed algorithm is validated
with numerical experiment.

Method
1. Forward Model
We start with the forward model of FMT problem. With Φf (rd , rs ) denoting fluorescence signal generated
with laser source at position rs and detected by detector at rd , x(r) denoting fluorescence distribution
for reconstruction at position r,gem (rd , r) and gex (r, rs ) denoting Green’s function that describe photon
propagation from laser source rs to r and from r to detector at rd . the forward model of FMT problem
can be described as
Z
Φf (rd , rs ) =
gem (rd , r)x(r)gex (r, rs )d3 r,
(20)
Ω

where Ω is the region that fluorescent targets may distribute in.
If we use G to measurement matrix, use X for vector of unknown fluorescence distribution and use Φ
for vector of received signal, discretizing equation (20) yields
Φ = GX,

(21)

2. Truncated Singular Value Decomposition
Assume there are n voxels to be reconstructed and we have m measurements. For measurement matrix
in equation (21), its singular value decomposition (SVD) is
T
Gm×n = Um×m Σm×n Vn×n
.
(22)


The singular matrix Σm×n consists of two part: Σm×n = σm×m 0(n−m)×n , where σm×m is a diagonal
matrix with singular value as its diagonal elements. Here, we only reserve matrix σm×m , and we also only
remain the corresponding row in matrix VT . Then equation (21) becomes
T
Φ = Um×m Σm×m Vm×n
X.
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(23)

T
T
Let Y = Σ−1
m×m Um×m Φ, and A = Vm×n . We get a new matrix equation written as

Y = AX.

(24)

3. Homotopy method
After implementing TSVD, the reconstruction problem can be formulated with the following `1 regularized
least-square minimization problem:
1
min F (X) = kAX − Yk22 + λkXk1 ,
X
2

(25)

where λ is regularization parameter, and F (X) is objective function.
To solve this problem, we use homotopy method [18]. Subdifferential of objective function F (X) is
given by
∂F (X) = −AT (Y − AX) + λ∂kXk1 .
(26)
The element of the subdifferential ∂kXk1 can be written as
(
sgn(xj ), xj =
6 0
∂kxj k1 = ∂|xj | =
[−1, 1],
xj = 0

(27)

Let c denotes vector of residual correlations:
c = AT (Y − AX).

(28)

To minimize objective function F (X), we set ∂F (X) = 0. This is equivalent to the following two conditions:
cj = λsgn(xj ), for xj 6= 0,
(29)
and
|cj | ≤ λ, for xj = 0.

(30)

We start with initial guess X = 0, and choose λ = kck∞ . Here we define active set I which contains
indices j that satisfies condition |cj | = λ. For each iteration, vector X only updates its elements whose
indices are contained in I. The active set I is kept as
I = {j : |cj | = λ}.

(31)

(l)

For lth iteration, the update direction dI is obtained by solving
(l)

(l)

ATI AI dI = sgn(cI ),

(32)

where AI is a matrix formed with columns of A in active set I. d(l) is set to zero for coordinates that
are not in I. The solution is updated with
X(l) = X(l−1) + γ (l) d(l) ,

(33)

where γ (l) is the step size to next breakpoint along homotopy path. There are two scenarios to update
the step size. First, when equation (30) is violated, which means a nonactive element of c(l) increase in
magnitude beyond λ, this leads to the expression
(l)

+

γ+ = minc {
i∈I

(l)

(l)

λ − ci
λ + ci
,
},
T
(l)
1 − ai v
1 + aTi v(l)
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(34)

where min+
i∈I c indicates the minimum is taken only for positive arguments that do not belong to set I.
(l)

v(l) = ATI dI . ai is the ith column in matrix A. Second, when equation (29) is violated, which means an
active coordinate crosses zero, this lead to the expression:
+

(l)

(l)

(l)

γ− = min{−xi /di }.

(35)

i∈I

Finally, γ (l) is determined by
(l)

(l)

γ (l) = min{γ+ , γ− }.

(36)
(l)

The active set is updated by either adding i+ to set I when γ (l) = γ+ , or removing i− from I when
(l)
γ (l) = γ− . The algorithm terminates when kc(l) k∞ = 0 for noise free case.
4. MLEM
The result of minimization problem in (25) then serves as initial input for MLEM algorithm. MLEM
algorithm can be described with following formula:
x̂k+1
= x̂kn
n

M
1 X ym
Hmn ,
sn
(Hx̂k ) m
m=1

(37)

where sn is nth component of point sensitive vector and is written as
sn =

M
X

Hmn .

(38)

m=1

The initial guess x̂1 is formulated with non-zero component of reconstruction result X in equation (25).
Matrix H consists of corresponding rows in matrix A.

Experiment and result

Figure 5: Geometry of cube phantom for validation of FMT reconstruction algorithm
To validate the algorithm, we built a 3D cubic phantom, as shown in figure 5. The phantom of size
2 × 2 × 2 cm3 was divided in to 20 voxels in each dimension. Optical properties of the phantom were set
as: µ0s = 9.2 cm−1 , µa = 0.1 cm−1 . A fluorescence bar with the size of 4 mm × 4 mm × 8 mm was put at
the center of the phantom. Measurements were taken at five surface (top surface and four side surfaces).
9

(a)

(b)

(c)

Figure 6: Reconstruction results for numerical phantom experiment. Slice (a) is image of true fluorescent
targets. Slice (b) is reconstruction result using Tikhonov regularization method. Slice (c) is reconstruction
result using proposed method
A laser source was put at the center of the top surface to excitate fluorophores. The total size of the
measurement matrix is 884 × 8000. Poisson noise was added to data. In this experiment, the Green’s
functions in the forward model were genrated using MC method which was implemented with photon
propagation modeling software Monte Carlo eXtreme (MCX)[19].
First we compare the proposed method with commonly used `2 -norm method, Tikhonov regularization.
The minimization problem with this regularization can be written as
1
λ
min F (X) = kAX − Yk22 + kXk22 .
X
2
2

(39)

Here, we set regularization parameter λ = 1 × 10−3 . On the other hand, in the proposed method,
due to the influence of noise, regularization parameter cannot reach zero. Thus, we stop iteration when
λ < 1 × 10−3 .
Figure 6 shows the reconstruction result of Tikhonov regularization method and the proposed method.
Figure 6a is true fluorescence distribution, 6b is reconstruction result using Tikhonov regularization,
and 6c is reconstruction result with out proposed method. Notice that the reconstruction result of
Tikhonov regularization is blurry, which is caused by both the limited number of measurement and the
depth of fluorescence bar. The proposed method gives a better performance and provides more accurate
reconstructed fluorescence distribution from both its shape and its intensity.
Next, we will show the influence of MLEM algorithm. The proposed method was implemented with
and without the final MLEM step for comparison. Figrue 7 shows the RMSE of reconstruction result. In
the first case, only TSVD and homotopy-based reconstruction were executed, while in the second case,
all three steps were implemented. The fluorescence signal intensity varied from 1 uint to 7 unit, and
experiments were repeated 10 times for each intensity. The plot shows that MLEM further reduce RMSE
of reconstruction result about 5% on average compared with method without the MLEM step.
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Figure 7: RMSE in percentage for reconstruction result with and without MLEM

Summary
In this report, we described an improved photon propagation model and a reconstruction method for FMT
problem. First we improved Neumann-series RTE method by incorporating for boundary condition. The
improved method shows a well match with MC method when the refractive index mismatch is not too
large. The model is also validated in reconstruction problem. It provides better estimation of absorption
coefficient for DOI compared with Neumann-series RTE without boundary condition.
Meanwhile, we proposed a reconstruction method for FMT. `1 norm minimization problem is built to
make use of the property of sparisity of fluorescence distribution. By using TSVD, the measurement matrix
is converted to a less coherent one so that CS method can be implemented. The minimization problem is
then solved with homotopy method. Finally, MLEM algorithm use the result of the minimization problem
as an initial guess to further reduce the influence of Poisson noise. In this method, the sparse result reduce
the matrix size for MLEM, which accelerates the speed of MLEM algorithm. Experiment on numerical
phantom was conducted to validate the method. The proposed method showed a better reconstruction
result, and MLEM provided a reduction on noise influence compared with method without MLEM step.
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