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Resolution Modeled PET Image Reconstruction
Incorporating Space-Variance of Positron Range:
Rubidium-82 Cardiac PET Imaging
Arman Rahmim, ling Tang, Martin A. Lodge, Sarah Lashkari, Mohammad R. Ay, Frank M. Bengel
Abstract- This work explores application of a novel resolution
modeling technique that incorporates the spatial-variant,
medium-dependent nature of positron range. We have
hypothesized that given the varied positron ranges in different
mediums such as lung, blood and bone, incorporation of such
differences could lead to further improved image qualities and
clinical and quantitative tasks. In fact, we have quantified the
relationship between the distribution of positrons annihilated in a
certain medium and the amount by which 511keV photons are
attenuated in that medium. Subsequently, we have shown that it
is possible to utilize mu-map images generated from transmission
or CT imaging to arrive at so-called C-maps and a-maps that
describe how positrons are annihilated in the field-of-view. Using
Monte-Carlo simulation of Rb-82 myocardial perfusion imaging,
we showed that while the extension from space-invariant to
space-variant modeling of Rb-82 positron range showed certain
improvements in myocardial defect contrast, when taking the
relation between the lung and the myocardium into account, very
significant qualitative and quantitative improvements were
obtained.

I. INTRODUCTION

therefore potentially very beneficial to model the presence of
these processes and to incorporate them within the system
matrix of the statistical image reconstruction algorithm 1, as is
commonly performed for normalization and attenuation
correction [5], and has also been proposed for scatter
modeling [6] and motion compensation [7-9].
In a recent publication [10] we have outlined a wide range
of techniques in the literature to perform resolution modeling.
In brief, some of these techniques [11, 12] have performed
resolution modeling entirely in the image-space with very
encouraging results, though having the fundamental problem
that they do not allow direct modeling of angular-dependent
crystal blurring effects.
Monte-Carlo simulations techniques have also been adopted
in the past [13] to extract the system matrix. Alternatively,
extensive non-collimated [14] and collimated [15] point
source measurements in the field-of-view (FoV) were used to
extract the overall system matrix in a very elaborate manner,
with demonstrated improvements in image quality, though
requiring relatively extensive and very accurate point source
measurements (e.g. using a position robot).

C

ONTINUING improvements in image quality achieved in
PET imaging have in the past been largely based on
improvements to hardware. At the same time, applications of
improved reconstruction methods have also played an
important, accompanying role to this end [1]. In particular,
following the introduction of statistical image reconstruction
methods in PET, and the so-called system matrix, it has
become possible to more accurately model the relationship
between the object and projection space. The accuracy with
which this system matrix is defined has a critical role in the
quality of the reconstructed images.
This is why it is potentially very promising to model and
incorporate the various resolution degrading effects within the
PET image reconstruction task. In particular, besides patient
movements (which also have to be addressed~ e.g. see
Rahmim et al. [2] for a review), a number of physical
processes degrade image resolution in PET: these include
positron range, photon non-collinearity, inter-crystal
penetration as well as scattering, as depicted in Fig 1. It is
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Fig 1. Various resolution degrading effects in PET: (l) Positron
range, (2) Photon non-collinearity, (3) Inter-crystal penetration, and
(4) inter-crystal scattering.

An alternative approach [16-18] was to analytically
calculate the angular-dependent inter-crystal penetration
effects for the detectors. This resolution modeling method had
the advantage that because it was based on a physics-based
I System matrix resolution modeling can also be thought of as performing
partial volume correction (PVC) implicitly (i.e. within the reconstruction
task, and not post-reconstruction) [3]
In fact, the implicit approach
could potentially avoid some noise amplification issues that exist with
explicit PVC techniques, due to their ability to perform collective
compensation for image degrading effects within the image
reconstruction step [4] .
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it was fast and accurate. However~ it neglected
contributions due to inter-crystal scattering, and only
incorporated inter-crystal penetration.
A technique investigated by us in [10] took the approach of
individually modeling each of the resolution degrading
phenomena~ followed by analytically combining them in the
overall system matrix~ thus not requiring extensive simulations
or experimental measurements~ and producing highly
improved image qualities. In all the aforementioned works~
positron range was either not modeled at all or was modeled as
space-invariant throughout the FoV.
In the present work, we have developed a framework for
space-variant~ medium-dependent modeling of positron range
and its incorporation within the image reconstruction task. In
other words~ as we shall see next, given that positron range is
different in such mediums as lung, blood and bone~
incorporation of such differences could lead to further
improvements in image qualities and clinical and quantitative
tasks. This work has been applied to Rb-82 imaging due to the
more significant impact on resolution degradation.

model~

II.

POSITRON RANGE MODELING

In the seminal work of Palmer and Brownell [19] an analytic
model of positron range was developed and shown to closely
agree with experimental [20] as well as simulated results [21]:
for a given emitted positron energy E, the annihilation density
was modeled as a 3D symmetric Gaussian:
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One would then compute the overall 3D positron range
distribution D(r):

D(r) = fD(r,E)N(E)dE

I

)

While the positron distribution D(r, E) at a particular positron
emission energy E is modeled as a Gaussian, upon averaging
over the energy spectrum N(E) as shown in Eq. (5), the
resulting overall distribution D(r) is commonly seen to look
'exponential'. Given image voxels of interest (e.g. in this work,
cubic voxels of size 3.27mm were used)~ one would then bin
the calculated distribution D(r) into those voxels followed by
fitting [10].
In the past, a bi-exponential function of the form has been
utilized to fit the distribution curves [10, 2 L 22]:
(6)
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Table 1: Listing of relevant constants for a number of materials in the
human body. It can be seen that water, heart, muscle, brain and blood
all have nearly similar physical constants of interest.

(2)

where r is the radial distance from the origin of positron
emission~ d is the density (in g/cc) of the material the positron
is traveling through, and Rex is the extrapolated positron range,
which for a material with an effective atomic weight Aeff and
atomic number Ze.ff is given by

R (E)

though for bone these values are somewhat higher (A efF20.99;
ZefFI0.83). We have seen that such differences in Aef~' and Ze.ff
for the case of bone have relatively small impact due to near
cancellation of Ae.ff and Zeff in the expression for b J in Eq. (4).
In any case~ all aforementioned variations in the values of d,
Aeff and Zeff were taken into account in this work.

(5)

where N(E) is the positron emission energy probability density
We have adopted an analytical model for the positron
emission energy density ,v(E) which \vas described in [10].
The medium-dependent nature of positron range can be
particularly seen in Eq. (2) wherein the material density d is
taken into account. It must be noted that values of Aeff and Ze.ff
also vary for different materials~ yet as seen in Table I, are
relatively similar for biological materials (e.g. for lung, water,
blood, heart, muscle. brain: 12.64<A 4t<13.00; 6.96<Zeft<7.22),

where C, aJ and a2 are the fitting parameters describing the
two (slow, fast) exponential functions, as well as their relative
proportions. However~ in those studies, the positron range
distribution curves that were being characterized were in the
projection-space. In this work however, in order to
appropriately model the positron range effect within the
system matrix of the reconstruction algorithm (as described in
Sec. II), the 3D image-space distributions (and not their dataspace projections) needed to be modeled.
Indeed, we found that the aforementioned bi-exponential
distribution is only well-suited to fit the 3D positron range
distributions in low-density regions (e.g. lung; Fig 2), but is
over-parameterized for medium-density regions (e.g. blood;
Fig 3): this is because the distribution in the latter case is best
described by a single-exponential fit (i.e. the second term in
Eq. (6) above will disappear as C approaches I, making al
redundant). Furthermore, the bi-exponential distribution does
not result in reasonable fits for high-density regions (bone),
due to downward cusp of the overall distribution as seen in Fig

4.
On the other hand, as seen in Fig 2, Fig 3 and Fig 4, for all
voxels aside from the central voxel, the data are always fit
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very well by a single-exponential, and we are thus able to fit
the overall data by the following expression:

D(r)=Cewhere

Jr

ar

+(l-C)t5r

(7)

is defined to be 1 for the central voxet and 0

otherwise.
o
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Next, we calculated the 3D Rb-82 positron range
distributions for a wide range of densities (0.2-2.3 glcc)
wherein the values of A eff and Zeit in the mid-high range were
linearly interpolated between those of blood and bone. We
then fit the resulting distributions using Eq. (7) to extract the C
and 0. parameters. The results are plotted in Fig 5 in terms of
the corresponding Ji values (and not the density values d): this
is because from the practical aspect, it is the J1 values that are
readily generated by CT or transmission imaging.
The data were seen to be best fit by a quadratic model:

=0.283 + 3.75/1 + 31.8/12
a(/1) =-0.306 + 65.66/1 + 70.88/12

C(/1)
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and aare in units of cm- i ) as also shown in Fig 5.
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Fig 2: Lung - Calculated Rb-82 positron distributions with distance
from the central voxel of positron emission: a bi-exponential curve
was seen to fit the data very well (not shown). Moreover, aside from
the central voxel, a single exponential curve (linear in log plot) can
also fit the data (as shown).
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Fig 3: Blood - Calculated Rb-82 positron distributions with distance
from the central voxel of positron emission: an exponential curve
(linear in log plot) can fit the data quite well including the central
voxel (as shown), while a bi-exponential curve was seen to be overparameterized.
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Fig 4: Bone - Calculated Rb-82 positron distributions with distance
from the central voxel of positron emission: a bi-exponential curve
was seen not to fit the data well (due to downward cusp). Aside from
the central voxel, a single exponential curve (linear in log plot) can fit
the data quite well (shown).
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There is an interesting way to think about this relationship:
we have expressed the distribution of positrons annihilated
in a certain medium in terms of the amount by which
51lkeV photons are attenuated in that medium.
An advantage of the above formulation is that there will be
no requirement to segment the Ji-maps, since a 'C-map' and '0.map' can be directly generated from any given Ji-map.
Implementation issues are described next.
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Fig 5: Plots of the calculated coefficient (left) C and (right) a
(defined in Eq. 7) versus tL (51IkeV). The results are fit by quadratic
functions. Note that values of C exceed I for higher density
materials, in which case the second term in Eq. 7 would be negative
thus modeling the downward cusp seen in Fig 4.
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IMPLEMENTATION OF RESOLUTION MODELING

Consider an image with J basis functions (usually voxels) and
a histogrammed dataset with I projection bins. We then denote
the system matrix as P = (Pi)} Ix.! , where each element Pi)
models the probability that an event generated in voxel j is
detected along a line-of-response (LOR) i. Next, one may
decompose the system matrix into three components [23, 24]:
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(9)

P=WGB

Here, the matrix B= {buJ JxJ is used to account for image-based
blurring effects, while the matrix G={PuJ/xJ contains the
geometric probability terms relating each voxel j to an LOR i.
In addition, the matrix W= {w ij} IxI can be used to account for
sensitivity variations (attenuation, normalization) as well as
inter-crystal blurring effects.
.
USing

Ijm

A

[~m
=,~
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= [ n1••• nJ ]1'

and

S = [Sl ...sJ]1' to denote one-dimensional vectors of image
intensity, projection data and image sensitivity, respectively.
the standard EM algorithm can be re-written as:

1m+\

=

1mXpf { ~ }
S
PAm

(10)

B. Other resolution blurring effects

Upon substituting Eq. (9) in the EM algorithm, one arrives at:

1m+l=lmXBtrGtrwtr{
S

Ii _ }
WGBA m

(11)

A. Positron range modeling

Since the positron range effect takes place in the image-space,
it is best modeled by the image-space component B of the
system matrix. In this work, we represented the operation of
the matrix B on an image as a convolution with spatiallyvarying positron range kernels. Furthermore, we utilized the
generated C-maps and a-maps in order to define the kernels.
In doing so, we used an incremental approach - consider the
10 case: as depicted in Fig. 6. we would start from the central
voxel (x=O) and move in a given direction by incrementally
decreasing the value of the positron range distribution kernel
by C.-a. + {1 - C>'&. where C and a are the positron range
coefficients at that point (calculated using Eq. 8) and L1x is the
width of the spatial increment.
As a straightforward extension of this approach to the 3D
case, we first performed this incremental approach along a
particular direction z, then another y and then x (we would like
to note that this approach is approximate and is not quite 3D
symmetric, and will be improved in future work).
···-Muscle
•••- Muscle-Lung
_••- Muscle-Bone

o.s:..

The B operator was thus implemented by the aforementioned
spatially-variant kernel definition (which we perform on-thefly, instead of having to store unique positron range kernels
for each individual voxel!) followed by convolving the images
at each voxel by the generated space-variant kernels.
On the other hand, calculation of BT can be extremely
consuming, since unlike B which quantifies how a positron
T
emission from a certain voxel is distributed in other voxels, B
quantifies the proportions of contributions of other voxels to a
given voxel. An approximation made in this work was that B
= BT motivated by the observation: in Fig. 6, for instance,
similar to how there is a broader contribution to lung from
muscle (because of lowered a values and better positron
penetration), there would also be a broader contribution from
lung to muscle because of this.
In [10], we noted that while inter-crystal penetration and
scattering are often not distinguished from one another, we
find it potentially very useful to conceptually separate them:
penetration occurs when a photon is initially detected in a
crystal other than the one on which it is incident, and can
therefore only occur when photons are incident at non-normal
angles to the crystals, while inter-crystal scattering can be
present even for photons incident at normal to the crystal.
Subsequently, these two effects as well as photon noncollinearity were modeled in [10], and used similarly here in
this work in the projection-space component W of the system
matrix (Eqs. 9 and 11).
IV. METHODS AND RESULTS
A. Extended phantom studies

First, to further validate the work in [10] modeling the
projection-space blurring effects (inter-crystal scattering and
penetration, photon non-collinearity), we performed an
extended phantom study. A NEMA "Image Quality" phantom,
was used including six hot spheres with diameters of 10, 13,
17, 22, 28 and 37 mm respectively (
Fig 7), filled with F-18 activity (thus Rb-82 modeling was not
tested here; see Sec. IV-B for Rb-82) with a hot-tobackground ratio of 4: 1. Six successive realization
measurements were performed with matched total counts
(10M Trues).

c::: 0.6'-

·8

:afg

'

C5 0.4 ~

0.2'

0----·-·------5

0
Distance (mm)

5

Fig. 6: A depiction of how the positron range kernel is affected in this
implementation upon cross from a particular medium (muscle) to
another (lung, muscle or bone).

Fig 7: NEMA "Image Quality" phantom used in this work included
six hot (4: 1) spheres with diameters of 10, 13, 17, 22, 28 and 37 mm
respectively. This is a sample reconstruction (2 iterations, 21 subsets,
post-smoothing with 5mm FWHM Gaussian).
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100

In our previous study, only a single realization was
considered, thus noise could only be measured spatially. The
present framework thus allows for the additional, more
appropriate measurement of noise across realizations (which
we loosely refer to as temporal noise).

80

l

~

Contrast vs. Noise: Percent hot contrast was measured
according to the NEMA protocol (e.g. see [25]), and plotted
vs. (i) spatial as well as (ii) temporal noise, which were
defined as:

. InOIse
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( 13)

1=1

1=1

where Xl is the activity in the region of interest (ROI) (Le.
J

background for noise calculation) at a voxel j (/=1. ..1) at
measurement/realization t (t= 1.. .N), and Xl and X} are the
mean values of activity averaged over the RO I (at a realization
t) and averaged over the realizations (at a particular voxel j).
respectively.
The results are depicted in the following figures, indicating
that resolution modeling achieves clearly improved
performance for contrast vs. both spatial (Fig 8) and temporal
(Fig 9) noise.
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Fig 9: Plots of contrast vs. temporal noise (as a percent of overall
mean) for the 6 hot spheres in the phantom study. Solid and dotted
lines indicate without and with resolution modeling, the latter
showing clear improvements.

ROC Analysis: For the smallest sphere (10 mm) we performed
a detection task similar to lesion detection, where the
aforementioned multiple measurements were used, and we
measured contrast (with respect to background) comparing
intensities in a 5mm ROlon the small sphere (Le. lesion
present) vs. on another location (lesion absent); i.e. the
aforementioned contrast measure was used as the test statistic
t. The signal-to-noise (SNR) was defined as:

(t)present - (t )absent
1 2
1 2
2 (J present + 2 (Jahsent

2

(14)

2

2

(15)

where erf(z) is the error function defined by:
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Under assumption of normality (i.e. that the test static is
normally distributed), the area under the ROC curve (AVC)
can be extracted from the SNR [26], according to:
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Fig 8: Plots of contrast vs. spatial noise (as a percent of overall mean)
for the 6 hot spheres in the phantom study. Solid and dotted lines
indicate without and with resolution modeling, the latter showing
clear improvements.
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Plots of SNR as well as AUC are shown in Fig 10 as a
function of iterative updates, without and with resolution
modeling. It can be clearly seen that the resolution modeling
approach outperforms the conventional technique for the
lesion detection task of interest.
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Fig 10: Plot of (left) SNR and (right) AUe as a function of iterative
updates (each iterations had 21 updates/subsets), plots for both cases
(blur) without and (red) with resolution modeling.

B. Monte-Carlo simulations
To study the effect of modeling medium-dependent, spatial
variations in positron range, we performed Monte-Carlo
simulation of the task of Rb-82 myocardial perfusion imaging
(MPI). A combined SimSET/GATE Monte-Carlo tool [9] was
used to simulate clinical gated Rb-82 MPI on the Discovery
RX PET/CT Scanner (in the 2D modality). The scanner uses
LYSO crystals of dimensions 4.2x6.3x30 mm in the
tangential, axial, and radial directions. The LYSO crystals are
arranged into 9x6 blocks. and the scanner contains 24 rings
and 630 crystals per ring.
The activities of organs including the myocardium, blood
pool, lungs, liver, stomach, and the spleen were measured
from reconstructed images of 12 patients at stress, averaged
across the patients and used as input for the NCAT phantom
[27]. Furthermore, we simulated studies with myocardial
perfusion defects. A typical simulated defect is depicted in Fig
11. The defects extended 60° in the short-axis view and 3 cm
in the long-axis view. with 50o~ of the normal myocardial
uptake.
Measured defect contrast was defined simply as the percent
ratio of the measured counts in the defect to those in an ROJ in
the left ventricle (LV), which in the ideal case should result in
50% according to this definition. Percent noise was measured
as normalized standard deviation of an RO J in the heart.
For a visual/qualitative comparison. Fig 12 depicts
transaxiale, coronal and sagittal slices across typical images
obtained (i) without resolution modeling. and with resolution
modeling incorporating (ii) space-invariant as well as (iii)
space-variant Rb-82 positron range modeling.

•••

Coronal

Sagittal

Fig 12: Resulting reconstruction (top) without resolution modeling,
and with resolution modeling incorporating (middle) space-invariant
and (bottom) space-variant Rb-82 positron range models.

For a quantitative comparison, the contrast vs. noise trade-off
curves (generated by increasing iterations) are shown in Fig
13, indicating a significant improvement when comparing
reconstructions without and with resolution modeling.
However, no noticeable quantitative improvements were
seen when extending the space-invariant positron range model
to a space-variant model for the particular plots of
defect/myocardium contrast vs. noise. Yet, upon re-inspecting
Fig 12 one would detect smoother delineation of the lungs
(less noise). Then, having re-plotted the aforementioned
contrast vs. noise plots this time between lung (not defect) and
myocardium as shown in Fig 14, we are able to see a
significant improvement in contrast vs. noise when using the
space-variant Rb-82 resolution model.
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Fig 13: Plots of defect/myocardium contrast vs. noise for different
reconstruction schemes.

Fig 11: Simulated defects in the myocardial perfusion Monte-Carlo
simulation study.
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with the lung, using simulated as well as real patient data, to
further explore the potentials of the developed framework to
model and incorporate the space-variance of positron range.
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DISCUSSION AND CONCLUSION

This work explores application of a novel resolution modeling
technique that models and incorporates the spatial-variant,
medium-dependent nature of positron range. Given varied
positron ranges in different mediums such as lung, blood and
bone, incorporation of such differences could potentially lead
to further improved image qualities and clinical and
quantitative tasks, which was the motivation behind this work.
We showed that there is a relationship between the amount by
which 511 keV photons are attenuated by a certain medium
and how positrons are annihilated by that medium~ and
quantified this relationship.
The approach taken has been to utilize mu-map images
generated from transmission or CT imaging to arrive at socalled C-maps and a-maps that describe how positrons are
annihilated in the field-of-view~ and using an incrementat
exponential-decay approach to model positron range
distribution kernels (used in the system matrix of the EM
algorithm) including the ability to model crossing from one
medium (e.g. muscle) to another (e.g. lung). An issue we
intend to explore in future work is that in boundaries where a
medium changes to another (e.g. muscle-lung) a discontinuity
may exist in the positron range distribution~ and this
consideration needs to be further investigated with extensive
simulations that incorporate the complex nature of the back
and forth interactions of positrons across the boundaries). As
also discussed in Sec. III.A. we plan on further refining some
aspects of the implementation of the aforementioned technique
in the future.
As validation, we first used phantom studies and further
established resolution modeling techniques in the projectionspace domain (modeling photon non-collinearity, inter-crystal
penetration as well as scattering). Next, we performed MonteCarlo simulations of Rb-82 myocardial perfusion imaging: we
showed that while the extension from space-invariant to
space-variant modeling of Rb-82 positron range did to some
extent improve myocardial defect detection tasks~ when taking
the lung into account~ more significant qualitative and
quantitative improvements were observed. Thus~ we are
motivated to perform future studies more closely associated
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